Consider a set of intervals S = fI 1 I 2 : : : I ng, where I i = ( l i r i ) l i , a n d r i are real numbers, and l i < r i . W e study a restricted track assignment problem (RTAP): if an interval Ia contains another interval I b then Ia must be assigned to a higher track t h a n I b , and the goal is to minimize the numberof tracks used. The problem RTAP is shown to be NP-hard. An approximation algorithm that produces a solution within twice of the optimal is also presented and the bound is shown to be tight. The algorithm runs in O(n logn) time and requires linear space. The proposed approximation algorithm is employed to solve the problem of nding a maximum-weighted independent set in a circle graph, and related problems.
Introduction
Consider a set I = fI 1 : : : I n g of intervals, where I i = ( l i r i ) is speci ed by its two end-points. The left point l i and the right point r i l i < r i . W e assume all end-points are distinct real numbers (the assumption simpli es our analysis and can be trivially removed). Two i n tervals I i = ( l i r i ) a n d I j = ( l j r j ) are independent if r i < l j or r j < l i otherwise, they are dependent. T w o dependent i n tervals are crossing if l i < l j < r i < r j or l j < l i < r j < r i . I f l i < l j < r j < r i then we s a y I i contains I j . The track assignment problem (TAP) is to assign the intervals into tracks 1 to t such that in each t r a c k, intervals are pairwise independent. The goal is to minimize the number of tracks t. T h e density o f a c o l u m n c, denoted d c , is the number of intervals in I that contain c. The density of the set I is d = max c d c . Certainly, d
i s a l o wer-bound on the number of tracks for TAP that is, t d. I t w as shown that d is also an upper-bound on t, 9 where a (n log n) time track assignment algorithm was proposed. The track assignment problem nds applications, for example in, job scheduling and VLSI layout.
Consider a set of points C = fc 1 : : : c m g, called a restriction set. The maximal subset of I that contains a point o f C (an interval I i = ( l i r i ) contains a point c a if l i c a r i ) is denoted by I c i n tervals in I c are called restricted intervals. Assume track i + 1 is above track i, 1 i t ; 1 . Given I and C, the restricted track assignment problem (RTAP) is the problem of assigning intervals into tracks 1 to t such that: p1) In each track, intervals are pairwise independent. p2) If a restricted interval I i contains another restricted interval I j then i > j , where a is the track to which I a is assigned.
The goal is, as before, to minimize the number of tracks t. Figure 1 shows an example. Note that when the cardinality of the restriction set is one (i.e., C = fc 1 g) then RTAP is equivalent t o T AP: An assignment o f I, employing the algorithm in Ref. 9] , is obtained. Then, the tracks are permuted to satisfy the restriction imposed at column c 1 . Here, we will show R TAP is NP{hard for jCj = 2 (and jCj > 2) . Then, we propose an approximation algorithm for solving an arbitrary instance (I C) o f R TAP. The proposed algorithm will be used to e ciently solve t h e maximum-weighted independent set problem in a circle graph and related problems. This paper is organized as follows. In Section 2, we will show R TAP is NP-hard even for jCj = 2. In Section 3, we propose a 2-approximation algorithm for an arbitrary instance (I C) o f R TAP and show this bound is existentially tight. We employ, in Section 4, the proposed approximation algorithm to e ectively solve t h e weighted independent set problem in a circle graph and related problems.
NP-hardness of RTAP
Consider an arbitrary instance (I C) o f R TAP, w h e r e I = fI 1 : : : I n g and C = fc 1 : : : c m g. Certainly, t h e n umber of tracks is lower-bounded by the density d. We will show that it is NP-complete to decide if d tracks are su cient f o r assignment o f i n tervals, when m = 2 . W e shall transform the problem of coloring a circular-arc graph to RTAP.
A circular-arc graph is de ned on a circle with 2s points. Points are numbered with respect to an origin in a clockwise manner. The set of arcs cut by a line segment starting at the center of the circle and passing through P is denoted by A P . The arcs in A P are said to be P-equivalent.
- 7  -3 -1 1 3 5 7 9 11 13 15  25  23  21  19  17  -5   13  12  14 15 16   1   2  3  4  5  6  7  8  9  10 The circular-arc coloring problem (CACP) is to assign the minimum number of colors to arcs of A such t h a t e v ery two P -equivalent arcs, for all P, are assigned distinct colors. The maximum of jA P j, o ver all P, is called the density of A and is denoted by . It is NP-complete to decide if colors are su cient to color an arbitrary instance A of CACP. 6 We will show C A CP is polynomial-time transformable to RTAP. A similar reduction was used in Ref. 10] t o p r o ve the NP-hardness of a channel routing problem.
Consider an arbitrary instance A of CACP and let P be a point with = jA P j, where A P = fA 1 : : : A g. The point P is selected such that it is not an endpoint o f a n y arcs. Assume P is at the origin otherwise, the origin can be re-de ned and the input is accordingly modi ed. The arcs of A P are \cut" at point P to obtain a set of intervals I P = ( A ; A P ) A P . The set A P is obtained by partitioning each arc A i = ( a i b i ) i n A P into two i n tervals I ; i = ( 2 ; 2i b i ) a n d Theorem 1 It is NP-complete to decide if an arbitrary instance (I C) of RTAP can be assigned into tracks, even for jCj = 2 .
An Approximation Algorithm
In this section, rst we s h o w there are instances of RTAP with t 2d;1, where d is the problem density. Then, we propose an approximation algorithm for an arbitrary instance of RTAP achieving t 2d ; 1.
We de ne an instance (I C) o f R TAP that requires at least 2d ; 1 Figure 3b . Without loss of generality assume the left B i;1 has more than 2i ; 3 tracks, that is, 2i ; 2 t r a c ks or more. Thus, the left top-interval of B i occupies track 2i ; 1 or a higher track. We conclude, B i requires at least 2i ; 1 tracks.
Case 2. Each copy B i;1 of B i occupies 2i ; 3 tracks. Since each c o p y has a top-interval in track 2 i ; 3, none of the top-intervals of B i can be assigned to track 2 i ; 3. They must be assigned to tracks 2i ; 2 and 2i ; 1 (or to higher tracks). Therefore, a total of 2i ; 1 t r a c ks are used.
2 Next, we propose a restricted track assignment algorithm. Consider an arbitrary instance (I C) of the problem with density d. Let fk 1 : : : k s g denote the set of max-density columns, that is, columns where the local density i s d, assuming k 1 < k 2 < : : : < k s . Among all intervals containing k 1 we select the one with the rightmost right p o i n t. This interval is denoted by I 1 1 . Column k 1 is the key column associated with I 1 1 . Assume I 1 1 contains columns k 1 : : : k j and does not contain column k j+1 , unless k j is the last column. Then among all intervals containing k j+1 we select the one with the rightmost right point. This interval is denoted by I 2 1 . Column k j+1 is the key column associated with I 2 1 . This task is repeated until all columns fk 1 : : : k s g are processed (see Figure 4 ). The set of intervals selected is denoted by I 1 = fI 1 1 I 2 1 : : : g and the associated set of key columns denoted by K 1 = fk 1 k j+1 : : : g. The set I 1 is removed and the process is repeated for the rest of intervals { we obtain I 1 I 2 : : :and the associated key column sets K 1 K 2 : : : respectively until no interval is remained. We establish three properties of the just described selection process. Since from each max-density column we remove at least one interval, then after removing I i the density is reduced by at least one. Prop 3. Consider any interval I a i 2 I i and any interval I b j 2 I j , for i < j .
Then I a i is not contained i n I b j : Let k a i be the key column of I a i . I f I b j contains I a i , then at column k a i when we compute I i , w e w ould have selected I b j as the interval with the rightmost right point. That is a contradiction.
The proposed restricted track assignment algorithm, called Density-ReductionAlgorithm, works as follows. We assign I i , 1 i d ; 1 to tracks 2d ; 2i + 1 a n d 2d ; 2i. I d has density 1, and thus we assign it to track 1. A total of 2d ; 1 tracks are used. Based on Property 3 the just described track assignment is a legal one.
We n o w give an algorithm that performs the label assignment (assigning a label to each i n terval) in O(n log n) time and linear space using a segment t r e e 12 and a binary search tree a Given a set I of n intervals (l i r i ) i= 1 2 : : : n , the end point of the root node r of T gives the maximum numb e r o f i n tervals of I with a nonempty common intersection, i.e., the density o f I. T h e ag eld of the root and that of subsequent nodes will provide information leading to the position of the leftmost key column. We also employ a binary search tree S where each leaf node corresponds to the left endpoint o f a n i n terval. More speci cally, the left endpoints are sorted and stored in the leafs from left to right. Let v be the root of a subtree containing leaves I a : : : I b The value max(r a : : : r b ) is stored in the eld RIGHT(v) ( t h e corresponding interval is also stoored in v). We s a y t h e i n terval corresponding to v is (a b). Among all intervals containing a key column k, w e w ant to nd the one with the rightmost right e n d p o i n t. We proceed as follows. We search all maximal nodes 4. For those intervals with label d j 6 = 1, assign to tracks 2d j ; 2 and 2d j ; 1, and for those intervals with label d j = 1, assign them to track 1. Note that some tracks may be empty as density of a set I i may be one. Such t r a c ks are simply removed. As mentioned before, the just described track assignment i s c a l l e d Density-Reduction-Algorithm.
Lemma 3 Density-Reduction-Algorithm assigns the intervals into t tracks, t 2d;1, and runs in O(n log n) time and requires linear space, where d is the density of the problem and n is the number of intervals.
Proof. Note that the leftmost key column is always maintained by t h e ag eld of the root and that of subsequent node. That is, let (v 0 v 1 : : : v k ) be a sequence of nodes such t h a t v 0 is the root, and v i is the left or right son of v i;1 depending on the value ag(v i;1 ) respectively, f o r i = 1 2 : : : k . T h e n v k is the leftmost key column that gives the maximum density d, which is stored at MAX(v 0 ). The correctness of the algorithm was established by Properties 1-3. Each i n terval is partitioned into O(logn) standard intervals and \a ects" O(log n) nodes of the tree T (see 11]).
Step 1 and The Density-Reduction-Algorithm along with heuristics have been implemented. Heuristic involve removal of empty tracks and moving intervals to lower tracks when possible (to create more empty tracks). Experimental results are shown in Table 1 . Each r o w is the average over 100 randomly generated samples. In our experiments, we h a ve selected C as the set of right points of all intervals. Note that t is much smaller than 2d ; 1. 
Applications
In this section, we discuss several applications of the proposed approximation algorithm. We study the maximum-weighted independent set problem for circle graphs (or equivalently, o verlap graphs), proper circular-arc graphs, and track a ssignment with limited capacity. Also, an application in VLSI layout is discussed.
Overlap Model of a Circle Graphs
In a circle, consider a set K = fk 1 : : : k n g of chords, where k i = ( f i s i ), as shown in Figure 5a . Each c hord has a positive w eight. Intersection representation of chords of K is called a circle graph. The circle can be \opened" at any p o i n t t o obtain a set of intervals I (see Ref. 7 ] for a formal de nition), as shown in Figure  5b . I is called an overlap representation of K. I n t h e o verlap graph of I, there is an edge between two i n tervals if and only if they properly intersect. That is, no edge is created if one interval contains the other. Certainly, a n y independent set in K is an independent set in I and vice versa. Thus, a maximum weighted independent set (MWIS) of K is also an MWIS of I. A n M W I S o f K is a maximum weighted subset of pairwise non-intersecting chords.
A given family K of chords has a number of distinct overlap representations, in general, 2n such representations. An overlap representation of K with minimum density is called a min-density representation of K (see Figure 5c ). Given K, its min-density representation I is obtained in the following manner. -density  10  8  4  20  15  8  30  21  12  40  27  16  50  32  21  60  40  23  70  46  30  80  51  32  90  55  38  100  64  40   Table 2 : Experimental results on min-density representation
MWIS of an Overlap Graph
Given a min-density representation I of K, w e w ant to nd a maximumweighted independent set (MWIS) of I . E a c h i n terval (chord) I i has a positive w eight w i .
Previously, a n O(n 2 ) time algorithm for the MWIS problem was proposed. 2 3 Recently, a n O(dn + n log n) time algorithm was proposed for nding an MWIS of an overlap model with density d 1 (they assumed an overlap model is given as input). Here, we p r o p o s e a m uch simpler algorithm, also running in O(d n + n log n) t i m e , where d is the density o f I . The expected value of d is ( p n) 11 b .
For each i n terval I i = ( l j r j ) i n I we w ant to calculate a size s i being an MWIS of the intervals (in the overlap model) with endpoints in the closed interval l j r j ] (i.e., size of I i includes weight o f I i ). We proceed as follows. Employing the algorithm of Section 3 the intervals are assigned into tracks 1 to t (t 2d ; 1) , that is, a restricted track assignment is obtained. I i denotes the set of intervals placed in track i, 1 i t. Inductively, a s s u m e t r a c ks 1 to i have been processed and for each i n terval I j in the set of processed tracks the size s j is known. The basis is trivial { for each i n terval I j in track 1 , s j = w j . T rack i + 1 is processed as follows. I i+1 = fI a1 ::: I am g denotes the set of intervals assigned to track i + 1 Certainly, i n tervals in I i+1 are pairwise independent. See Figure 7 . Let J aj be the set of intervals contained in I aj , 1 j m. Clearly, J aj \ J ak = , for all j and k (j 6 = k). For each J aj , a maximum weighted independent set, in the interval graph representation (not the overlap representation) is obtained, where the weight of an interval is its size (and is known by the induction hypothesis). Let s 0 aj denote the weight of the just obtained maximum weighted independent set. Then, s aj is s 0 aj + w aj . Assume the chords of the given circle graph representation (i.e., the input) is given as a sorted list of end-points around the boundary in a clockwise manner (otherwise, a pre-processing step is needed). To obtain a min-density representation O(n logn) pre-processing time is needed. An additional O(n logn) pre-processing time is needed to nd a 2-approximation restricted track assignment. Hereafter, the term \input" refers to an overlap representation of the chords of the circle.
Right before processing track i + 1 , J aj is obtained, for all j, b y scanning the input { it takes O(n) time. A sorted list of end-points of intervals in each J aj is obtained. Also, it takes O(jJ aj j) t i m e t o o b t a i n s 0 aj 2 since the intervals are sorted. As the intervals in track i + 1 are independent, it takes O(n i ) time to obtain s aj , for 1 j m, where n i is the total number of intervals assigned to tracks 1 to i. It takes P t k=1 n k to nd the size of all intervals. Since n k n, i t t a k es O(nt) = O(nd ) time to obtain the size of all intervals. We i n troduce a ctitious interval I n+1 = ( l n+1 r n+1 ) with weight w i+1 = 0, where l n+1 is the minimum of l i 's minus 1 and r n+1 is the maximum of r i 's plus 1 (for 1 i n). The previous (inductive) algorithm is carried out for one more step to obtain s i+1 . Certainly, s i+1 is the weight of an MWIS in I and the intervals contributing to s i+1 (except I i+1 ) f o r m an MWIS in I . W e conclude: Lemma 5 A maximum-weighted independent set of I (and K) c an be obtained i n O(d n + n log n), where d is the density of I and n = jI j. Lemma 6 A maximum-weighted independent set of a family of proper circular arcs can be obtained i n O( n+ n log n), w h e r e is the density of the arcs and n is the number of arcs.
The expected value of is ( p n).
MIS of an Overlap Gra p h i n K T racks
Given an overlap representation I = fI 1 : : : I n g of an unweighted overlap graph, we w ant to nd, among all independent sets with density K, one with maximum size. We will refer to this problem as the MIS-K problem. The weighted version of this problem was solved in O(Kn 2 ) time 5 but the unweighted version has not been explicitly studied before. Here, we s h o w MIS-K can be solved in O(dn + n log n) time, where d is the density o f I. Note that we assume K > 1.
If K = 1, the problem is the ordinary MIS problem for interval graph and can be solved in O(n log n) time or O(n) time if the endpoints are given as a sorted list.
As before, for each i n terval I i = ( l j r j ) i n I we w ant to calculate the size s i of an MIS of the intervals (in the overlap model) with endpoints in the closed interval l j r j ] (i.e., it includes I i ) among all independent sets with density less than or equal to K. Also, for each maximum independent set obtained, we w ant to calculate its density k i . 1 k i K. (Note that, w i = 1 denotes weight o f i n tercal I i and w i = 1 for all i). First, the approximation algorithm of Section 3 is employed to assign intervals of I into tracks 1 to t, d t 2d ; 1 (that is, a restricted track assignment is obtained). We shall employ notations of Subsection 4.1. Inductively, assume tracks 1 to i have been processed and for each i n terval I j in the set of processed tracks the size s j and its density k j is known. We proceed as follows. The basis is trivial { for each interval I j in track 1 , s j = 1 a n d k j = 1 . T rack i+1 is processed as follows. For each J aj (as before, J aj is the set of intervals contained in I aj , 1 j m), a maximum weighted independent set { denoted by S aj { in the interval graph representation (not the overlap representation) is found, where the weight o f a n i n terval is its size (and is known, by the induction hypothesis). Let s 0 aj denote the weight o f S aj and k 0 aj be the maximum of k f , for all I f in S aj . There are two cases to be considered. Case 1: If k 0 aj = K, t h e n I aj will be deleted and will not be considered in subsequent steps. The reason is as follows. Consider an optimal solution that contains I aj (see Figure 9 ). Let S denote the set of intervals in this optimal solution that is contained in I aj . The density o f S is less than K. Otherwise, the density o f S f I aj g would be more than K and that is not an accepted solution. Certainly, jS j j S aj j ; 1 otherwise, S should have been selected in the inductive step, for its density is less than k 0 aj . N o w S f I aj g in the optimal solution can be replaced with S aj to obtain a solution of the same (or more) size. Case 2: If k 0 aj < K , then we set the following two parameters: k aj = k 0 aj + 1 and s aj = s 0 aj + 1, and continue.
As before (in Subsection 4.1), an interval I n+1 = ( l n+1 r n+1 ) i s i n troduced, where l n+1 is the minimum of l i 's minus 1 and r n+1 is the maximum of r i 's plus 1 (for 1 i n). Repeating the just described process one more time results S I aj Fig. 9 . Proof of Case 1 in an optimal solution. Note that the proposed technique cannot be used for the weighted version of the problem, for even one interval in higher tracks may h a ve a large weight and thus replaces (some or all) the previous intervals (the argument i n Case 1 does not hold any more). As before it takes O(nt) = O(nd) time to obtain the size s i of all intervals, n being the number of nets and d their density.
Lemma 7 An arbitrary instance I of MIS-K for overlap graphs can be solved i n O(dn + n log n) time, where d is the density of I and n = jIj.
The expected value of d is ( p n).
Crossing Minimization in VLSI Layout
The restricted track assignment problem also nds application in VLSI layout. Consider a set of two-terminal nets with all terminals on a single row. Each net N i is identi ed by its interval I i = ( l i r i ). Assume only one side of the row i s a vailable for routing (e.g., in over-the-cell routing 5 ). Two independent nets do not cross and two crossing nets cross exactly once independent of which t r a c k they are assigned to. However, consider an interval I i containing an interval I j . I f I i is assigned above I j then the corresponding nets do not cross otherwise, if I i is assigned below I j , they cross twice (see Figure 10 ). Thus, a restricted track assignment corresponds to a minimum crossing assignment. The restriction set C speci es regions where crossing minimization is crucial. Such assignment is useful for regions where there are enough tracks (area) and the goal is to optimize other parameters. This is done in the general area of \performance-driven layout".
Conclusion
In this paper we h a ve i n troduced a restricted track assignment problem for a set S of n intervals. We h a ve shown that the problem is NP-hard even if the number of elements in the restricted set is 2. An approximation algorithm that runs in O(n log n) time and has a worst-case performance ratio of 2 is presented. The bound is also shown to be tight. The 2-approximation algorithm is used to solve the maximum weight independent set problem for circle graphs, for proper circular-arc graphs in O(dn + n log n) time, where d is the minimum density o f t h e input. Two other problems, maximum independent set of an overlap graph in K tracks, and crossing minimization for over-the-cell routing are also solved using this approximation algorithm.
